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Formal Methods and Functional Programming

Solutions of Exercise Sheet 9:
Small Step Semantics

Assignment 1

We use the same abbreviations as in the sample solution of the Assignment 2(b) on the previous
exercise sheet, that is, b is the statement y := y+x; x := x−2 and w the statement while x >
0 do b end. Moreover, we write a state σ that assigns the integers n1, . . . , nk to the variables
v1, . . . , vk, respectively, as [v1, . . . , vk 7→ n1, . . . , nk]. The values of the other variables in state
σ are left implicit (their values are irrelevant).

We have the following derivation sequence:

〈s, [x 7→ 3]〉 →1 〈w, [x, y 7→ 3, 0]〉 (1)

→1 〈if x > 0 then b; w else skip end, [x, y 7→ 3, 0]〉 (2)

→1 〈b; w, [x, y 7→ 3, 0]〉 (3)

→1 〈x := x− 2; w, [x, y 7→ 3, 3]〉 (4)

→1 〈w, [x, y 7→ 1, 3]〉 (5)

→1 〈if x > 0 then b; w else skip end, [x, y 7→ 1, 3]〉 (6)

→1 〈b; w, [x, y 7→ 1, 3]〉 (7)

→1 〈x := x− 2; w, [x, y 7→ 1, 4]〉 (8)

→1 〈w, [x, y 7→ −1, 4]〉 (9)

→1 〈if x > 0 then b; w else skip end, [x, y 7→ −1, 4]〉 (10)

→1 〈skip, [x, y 7→ −1, 4]〉 (11)

→1 [x, y 7→ −1, 4] (12)

The transition (1) is valid since

〈y := 0, [x 7→ 3]〉 →1 [x, y 7→ 3, 0]

〈s, [x 7→ 3]〉 →1 〈w, [x, y 7→ 3, 0]〉

The transition (4) is valid since

〈b, [x, y 7→ 3, 0]〉 →1 〈x := x− 2, [x, y 7→ 3, 3]〉
〈b; w, [x, y 7→ 3, 0]〉 →1 〈x := x− 2; w, [x, y 7→ 3, 3]〉

The transitions (5), (8), and (9) are similarly justified.
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Assignment 2

Let s1 be the statement skip and s2 the statement while x < 1 do x := x+1 end. Moreover,
let σ be a state with σ(x) = 0. We have that

〈s1; s2, σ〉 →∗1 〈s2, σ[x 7→ 1]〉

and
〈s1, σ〉 →1 σ .

Since →1 is deterministic, it does not hold that 〈s1, σ〉 →∗1 σ[x 7→ 1].

Assignment 3

We prove the claim by induction on the length of the derivation sequence.
Base case: k = 0. The property holds as 〈s1, σ〉 →0

1 σ
′ is not a valid transition.

Step case: k > 0. By induction hypothesis the claim holds for k − 1. Since 〈s1, σ〉 →k
1 σ
′,

we have that 〈s1, σ〉 →1 γ →k−1
1 σ′, for some intermediate configuration γ. We make a case

distinction depending on whether s1 was executed in one or in multiple steps.

1. The configuration γ was obtained by executing s1 in one step by a transition 〈s1, σ〉 →1 σ
′.

Using this transition we can construct a derivation tree for the transition 〈s1; s2, σ〉 →1

〈s2, σ
′〉. (In this case, k = 1 and γ = σ′.)

2. The configuration γ was obtained by completing the first step of the execution of s1. In this
case we have a derivation sequence 〈s1, σ〉 →1 〈ŝ, σ̂〉 →k−1

1 σ′, for some statement ŝ and
some state σ̂. By the induction hypothesis on 〈ŝ, σ̂〉 →k−1

1 σ′, we have that 〈ŝ; s2, σ̂〉 →k−1
1

〈s2, σ
′〉.

We construct the following derivation sequence:

〈s1; s2, σ〉 →1 〈ŝ; s2, σ̂〉 →k−1
1 〈s2, σ

′〉

The validity of the first transition is given by the following derivation tree:

〈s1, σ〉 →1 〈ŝ, σ̂〉
〈s1; s2, σ〉 →1 〈ŝ; s2, σ̂〉

Assignment 4

We extend the structural operational semantics by the following transition rule

〈assert b before s, σ〉 →1 〈s, σ〉
B[[b]]σ = tt

• assert 0 = 1 before s is not semantically equivalent to while 1 = 1 do skip end

since the derivation sequence of while 1 = 1 do skip end is infinite from any state and
assert 0 = 1 before s gets stuck in any state.
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• assert 0 = 1 before s is not semantically equivalent to skip since with skip we reach
a terminal configuration from any state and with assert 0 = 1 before s we get stuck
in any state.

• Since 1 = 1 evaluates to tt in every state σ, we have that

〈assert b before s, σ〉 →1 〈s, σ〉

So, there is an infinite derivation sequence starting in the configuration 〈s, σ〉 iff there
is one starting in 〈assert b before s, σ〉. Moreover, it holds that 〈s, σ〉 →∗1 γ iff
〈assert b before s, σ〉 →∗1 γ, for some configuration γ that is terminal or stuck.

The rule for the new statement in natural semantics is

〈s, σ〉 → σ′

〈assert b before s, σ〉 → σ′
B[[b]]σ = tt

In natural semantics, the statement assert 0 = 1 before s is semantically equivalent to
while 1 = 1 do skip end, since for configurations with these statements there is no deriviation
tree to any terminal configuration.

Assignment 5

We first give an example for the (a) part. Let s1 and s2 be both the statement skip and let t
be the statement x := y + 1. We define the statement s as the composed statement

z := 3; h := 2

z := 3 and the statement s′ is the composed statement

h := y; y := 3; z := y; y := h; h := 2

Observe that s and s′ are semantically equivalent: they both terminate and it holds that from a
state σ they both end in the terminal configuration σ[h 7→ 2, z 7→ 3].

• The only terminal configuration reachable from the configuration 〈s1; s; s2 par t, σ〉 is the
state σ[h 7→ 2, z 7→ 3, x 7→ σ(y) + 1].

• From the configuration 〈s1; s
′; s2 par t, σ〉 the configuration

σ[h 7→ 2, z 7→ 3, x 7→ σ(y) + 1]

and the configuration
σ[h 7→ 2, z 7→ 3, x 7→ 4]

are reachable.
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When σ is a state with σ(y) 6= 3, we have that there is a state σ′ such that 〈s1; s; s2 par t, σ〉 6→∗1
σ′ and 〈s1; s

′; s2 par t, σ〉 →∗1 σ′.
Another example is where s is a := a + 1; a := a − 1 and s′ is skip and t is a := 1. The

statements s1 and s2 are as before. Note that in the first example, the common variable y is only
read by the statement t. In the second example, the statement t assigns a value to the common
variable a but it is not read by t.

Let us now turn to the (b) part. Observe that according to the given semantics of IMP,
programs cannot get stuck. We do not consider here the extension of IMP with an abort

operation.
Lemma 1. Let u, v, and r be statements with FV (u) ∩ FV (r) = ∅. It holds that

(u; v) par r and u; (v par r)

are semantically equivalent.
Proof. Let us first make the following observation for a derivation sequence γ0 →1 γ1 →1 · · · →1

γm from the configuration γ0 = 〈u; (v par r), σ〉. Obviously, we can construct a derivation
sequence γ′0 →1 γ

′
1 →1 · · · →1 γ

′
n with γ′0 = 〈(u; v) par r, σ〉 such that the states of γm and

γ′n are the same. We just have to mimic the execution steps. In particular, we always choose to
execute a statement from u as long as u has not terminated yet.

It follows that if there is a infinite derivation sequence from γ0 then there is one from γ′0.
Moreover, we have that if γ0 →∗1 γ where γ is terminal, we have that γ′0 →∗1 γ.

Now, assume that η0 →1 η1 →1 · · · →1 ηk is a derivation sequence with η0 = 〈(u; v) par r, σ〉.
We claim that we can move the execution steps of u to the front without changing the state of
the configuration ηk. This is indeed the case because of the assumption FV (u) ∩ FV (r) = ∅.

We conclude that if there is an infinite sequence from η0 then there is one from the same state
with the statement u; (v par r). Furthermore, if we reach a terminal configuration η from η0

then we reach η from 〈u; (v par r), σ〉. �

Assume that 〈(s1; s; s2) par t, σ〉 →∗1 γ, where γ is a terminal configuration. That means,
there is a derivation sequence γ0 →1 γ1 →1 · · · →1 γn with γ0 = 〈(s1; s; s2) par t, σ〉 and
γn = γ. We have to show that 〈(s1; s

′; s2) par t, σ〉 →∗1 γ. Note that the case with s′ instead
of s is symmetric.

There is some k ≥ 0 in the derivation sequence such that either

〈(s1; s; s2) par t, σ〉 →k
1 〈(s; s2) par t′, σ′〉 (13)

or
〈(s1; s; s2) par t, σ〉 →k

1 〈(s; s2), σ
′〉 (14)

Let us assume that (13) holds. By Lemma 1, we have that

〈s; (s2 par t′), σ′〉 →∗1 γ

From the semantically equivalence of s and s′ it follows that

〈s′; (s2 par t′), σ′〉 →∗1 γ
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Again, by Lemma 1, we conclude that

〈(s′; s2) par t′, σ′〉 →∗1 γ

By induction over k, it is easy to show that

〈(s1; s
′; s2) par t, σ〉 →k

1 〈(s′; s2) par t′, σ′〉

The case for (14) is analogously proven (somewhat simpler). We omit it.
It remains to show that if there is an infinite derivation sequence from the configuration
〈(s1; s; s2) par t, σ〉 then there is one from 〈(s1; s

′; s2) par t, σ〉. Assume that there is an
infinite derivation sequence from 〈(s1; s

′; s2) par t, σ〉.

• If there is no k ≥ 0 such that (13) or (14) holds then already the execution from
〈s1 par t, σ〉 does not terminate. We easily obtain an infinite derivation sequence for
〈(s1; s

′; s2) par t, σ〉.

• If there is some k ≥ 0 such that either (13) or (14) holds, we can show similar as above, in
case of termination, that there is an infinite derivation sequence from 〈(s1; s

′; s2) par t, σ〉.

Assignment 6

You find a solution of this assignment in the literate Haskell file simpi.lhs, which is available
on the course web page.
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